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Abstract
We consider cosmological implications of the formula for the dark energy density
derived by Gurzadyan and Xue[1, 2] which predicts a value fitting the observational one.
Cosmological models with varying by time physical constants, namely, speed of light
and gravitational constant and/or their combinations, are considered. In one of the
models, for example, vacuum energy density induces effective negative curvature, while
another one has an unusual asymptotic. This analysis also explicitely rises the issue of
the meaning and content of physical units and constants in cosmological context.
Current observations of supernovae[3, 4, 5] indicate accelerated expansion of the Universe
and support models with non-zero cosmological constant Λ1. The idea to interpret the
cosmological term as a vacuum energy density ǫΛ = Λc
2/(8πG) belongs to Zeldovich[6].
However straightforward application of this idea meets certain difficulties. In the four-
dimensional flat spacetime R4 and the continuous spectrum of free quantum fields with a
ultraviolet cutoff at the Planck scale, the vacuum fluctuation energy density is of the order
of Λ4p ≃ 10
76GeV4 while the observational data suggest the value 10−47GeV4. This difference
of 123 orders of magnitude constitutes the problem of the cosmological constant[7].
Gurzadyan and Xue[1, 2] have shown that, if one takes into account not all but only
relevant i.e. l=0 modes for vacuum fluctuations, then one arrives at the formula for vacuum
energy density depending on the fundamental constants and the scale factor of the Universe
ρGX =
π
4
h¯c
L2p
1
a2
=
π
4
c4
G
1
a2
, (1)
where h¯ is the Planck’s constant and the Planck’s length is Lp =
(
h¯G
c3
) 1
2 . Taking for the
scale factor a the Hubble length lH = c/H0 where H0 is the present value of the Hubble
parameter, we find
Ω˜Λ =
ρΛ
ρ0c2
=
8πG
3H20c
2
π
4
c4
G
H2
0
c2
=
2π2
3
≃ 6.58, (2)
1Throughout the paper Λ is in inverse squared seconds units.
1
i.e. far less discrepancy than the one mentioned above. It is not difficult to reconcile this
discrepancy with observational data (Ωobs
Λ
≃ 0.7) simply assuming that the present day scale
factor is not given by lH but is slightly larger and/or allowing various topologies of the
Universe.
This formula has the following consequences. If (1) is considered as a cosmological
constant, i.e. Λ-term
Λ =
8πGρGX
c2
=
8πG
c2
π
4
c4
G
1
a2
= 2π2
(
c
a
)2
≡ const. (3)
then this implies the variation of the speed of light
c(t) =
(
Λ
2π2
) 1
2
a(t). (4)
However, one can also consider the variation of other physical constants in the spirit of
Dirac’s approach. The aim of this letter is to explore cosmological models with Gurzadyan-
Xue formula assuming the presence of some fundamental constant physical quantity and
allowing variation of such quantities as the speed of light and the gravitational constant.
Then, from (1) one has for density parameter
ΩΛ ≡
Λ
3H20
=
2π2
3
(
1
H0
)2 ( c
a
)2
, (5)
with the function c(a). Clearly it does not change with time only if c ∝ a.
The following cases are possible:
Case 1. Neither c nor G vary with time, but Λ 6=const. The Friedmann equation now
has the form
H2 +
k′c2
a2
=
8πG
3
ρ, where k′ = k − 2π2/3. (6)
Therefore, independently from the value of k, the vacuum energy density effectively induces
negative curvature.
Case 2. To keep the vacuum energy density as a cosmological term, as mentioned above,
one has to admit varying speed of light.
Then, it follows
H2 −
Λ′
3
=
8πG
3
ρ, where Λ′ = Λ
[
1−
3k
2π2
]
. (7)
With k = 0,±1 one has modified positive cosmological constant at the spatially flat back-
ground.
Case 3. The GX-density of vacuum µGX is time invariant
µGX ≡
ρGX
c2
=
Λ
8πG
=
π
4
c2
G
1
a2
= const. (8)
Then, either one has varying gravitational constant or the speed of light or both. We will
restrict ourselves with only one of them: G(a) and c(a).
Case 3.1. Substituting the varying gravitational constant
G(a) =
π
4µGX
c2
a2
. (9)
2
into the Friedmann equation we obtain
H2 +
c2
a2
[
k −
2π2
3
(
1 +
ρ
µGX
)]
= 0, (10)
where k = 0,±1 is the original curvature.
Case 3.2. For varying speed of light we arrive at
c(a) = 2
(
GµGX
π
) 1
2
a. (11)
and
H2 =
8πG
3
[
ρ+ µGX
(
1−
3k
2π2
)]
, (12)
i.e. again to the case of an effective cosmological constant
Λ′ = 8πGµGX
[
1−
3k
2π2
]
= const, (13)
which is equivalent to the case 2 with identification Λ = 8πGµGX .
Case 4. Assume now that the fundamental constant is the energy density of the vacuum
ρGX :
ρGX =
Λc2
8πG
=
π
4
c4
G
1
a2
= const. (14)
Again, there are two cases, G(a) and c(a).
Case 4.1. The gravitational constant now varies
G(a) =
π
4ρGX
c4
a2
. (15)
Then redefining µGX ≡ ρGX/c
2, we come back to the case 3.1.
Case 4.2. The speed of light is varying while the gravitational constant together with
the vacuum energy density are fixed. Then
c(a) =
(
4GρGX
π
)1/4
a1/2. (16)
and
H2 =
8πG
3
ρ+
α
a
. (17)
where
α ≡
[
2π2
3
− k
]
(4GρGX)
1
2 , (18)
Case 5. Finally, there is always possibility that both constants entering (1) depend on
time, i.e. the speed of light together with the gravitational constant change. Clearly, if
they change in combination such that c4/(Ga2) remains constant we are back to the case
3
4. Similarly with constant combination c2/(Ga2) we come back to 3. Nothing definite can
be said about much larger set of other possibilities, unless the functional dependence of the
speed of light and the gravitational constant on time is specified.
Dynamics of Friedmann cosmological models is governed by the system of cosmologi-
cal equations and the continuity equation, following from Einstein equations. Variation of
fundamental constants violates energy conservation and changes the continuity equation[8].
This complication does not allow to find analytical solution for most cases considered in this
paper. Detailed analysis of the cosmological dynamics and comparison with observational
constraints is performed elsewhere[9].
Gurzadyan-Xue formula (1) for the vacuum energy appears to have interesting cosmo-
logical implications. Assuming varying speed of light or gravitational constant we analyzed
various cosmologies coming out of this formula: with constant Λ-term (case 2), and of
density of the vacuum (case 3) and the vacuum energy density (case 4) and arrived at a
bunch of models: i) spatially flat Λ-dominated (2, 3.2), ii) curvature-dominated (1), iii)
non-Friedmannian (3.1, 4.1), iv) spatially flat Λ = 0 model with dark energy.
It appears that the models depend crucially on which physical constants in particular vary
with time, as in the approaches by Dirac (gravitational constant)[10, 11] Gamow (charge)[12],
the speed of light and fine structure constant, recently actively discussed in the cosmological
context[13, 14, 15, 8]. In more general sense, this is directly related with the very content of
the physical constants and units, as discussed by Okun[16].
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